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Abstract
In this paper, we have constructed the Feynman path integral method for non-paraxial optics.
This is done by using the mathematical analogy between a non-paraxial optical system and the
generalized Schro¨dinger equation deformed by the existence a minimal measurable length. Using
this analogy, we investigated the consequences of a minimal length in this optical system. This
path integral has been used to obtain instanton solution for such a optical systems. Moreover,
the Berry phase of this optical system has been investigated. These results may disclose a new
way to use the path integral approach in optics. Furthermore, as such system with an intrinsic
minimal length have been studied in quantum gravity, the ultra-focused optical pluses can be
used as an optical analog of quantum gravity.
1 Introduction
Non-paraxial optics is an interesting branch of research, which is a generalization of the standard
paraxial optics [1]. Under this framework, one can describe light propagation when the waist of
the laser beam is comparable to the diffraction length [1], or when the spectral width of a pulse
is much smaller than the pulse central frequency [2]. These nonlinear techniques are of great use
in recent days, for instance, these kind of beams have been utilized for the generation of sub-
wavelength anti-diffracting beams in order to obtain super-resolved microscopy [3, 4]. Standard
optical theories cannot model these systems. Rather, in some recent studies it came out that it
is possible to study non-paraxial optical systems using a generalized uncertainty principle (GUP).
More precisely, it has been shown in [5, 6] that the propagation equation of the first order for non-
paraxial beams and ultra-short pulses is equivalent to a GUP deformed free particle Schro¨dinger
equation. This mathematical analogy is based on the fact that such systems have an intrinsic
minimal measurable length associated with them. Such a minimal measurable length also occurs
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in quantum gravitational systems [7–15], and so the non-paraxial optics can be studied as a optical
analog of quantum gravitational system. So, such optical systems can considered as quantum gravity
analog in optics. We would like to point out that the study of quantum gravity analogs in low energy
systems has become important, as for example, many quantum gravity analogs have been proposed
in acoustics [16], Bose-Einstein condensates [17–20] and optics [21–24].
It is worth noting that many quantum gravity theories account for a minimal length, it occurs
in string theory, where the string length is considered to be the fundamental length scale, and
it is not possible to probe the space-time below this scale [25–28]. Such a minimal measurable
length scale even occurs in loop quantum gravity [29, 30]. Furthermore, black hole physics argues
that any theory of quantum gravity should be composed of an intrinsic minimal measurable length
scale [7,31]. Nevertheless, this minimal length is not a manifestation of the Heisenberg uncertainty
principle, as within this framework, the position of a particle can be measured with a arbitrary high
accuracy, if momentum is not measured. But, in order to establish the notion of a minimal length, a
modification of the Heisenberg uncertainty principle has been appealed, which is commonly known
as the GUP in the literature, and its explicit form is given by
∆X∆P ≥ 1
2
∣∣∣〈[X,P ]〉∣∣∣. (1.1)
Here X and P represent the observables corresponding to the generalized model and, in general, the
commutation relation between the observables involves a higher order term in momentum in order to
lead to a system exhibiting minimal length. Nevertheless, the minimal measurable length scale, that
emerges out in most of the cases, is of the order of Planck length and hence it is not possible to test
all the theories that accounts for it directly as current technologies involving scattering experiments
are not able to reach this scale. Therefore, many alternative schemes have been proposed which may
provide deeper insights to quantum gravity: see for instance [32–35]. So, such model with minimal
length have been thoroughly studied in quantum gravity, and is mathematically and theoretically
well established.
Now as these models with a minimal length in quantum gravity mathematically resemble a non-
paraxial optical system [5, 6], and the path integral [36] for the Schro¨dinger equation deformed by
a minimal length has been obtained [37, 38], we use it to obtain the path integral for non-paraxial
optical systems. In this paper, we use this formalism developed to the path integral kernel of the
GUP deformed Schro¨dinger equation to analyze a non-paraxial optical system. We analyze several
optical effects using this path integral, especially we show that it enhances the wave-particle duality
property of light as well as it imposes a spectral limitation. Furthermore, the approach allows us to
find the upper bound of the momentum corresponding to the minimal length scale. We have also
computed the instantons and Berry phase corresponding to the non-paraxial optical system.
2 Non-paraxial Optics as a Quantum Gravity Analog
As the non-paraxial optics is mathematically analogous to a quantum gravitational system with
minimal length, we will first review the deformation of quantum mechanics produced by GUP
[8, 10, 12]. This form of GUP has shown to be very useful in various contexts [39, 40] and, for a
one-dimensional system it is given by
[X,P ] = i~(1 + 3βP 2), (2.1)
with β > 0 being a parameter having the dimension of the inverse squared momentum. In (2.1),
X,P are the generalized observables, represented by X = x, P = p(1 + βp2) [10] up to first order
in β in terms of canonical variables x, p satisfying [x, p] = i~. While, this is one of the possible
representations, one may refer to [41] for several other representations of the commutation relation
(2.1). Nevertheless, following (1.1), the GUP corresponding to our system (2.1) turns out to be of
the form
∆X∆P ≥ ~
2
[
1 + 3β(∆P )2
]
, (2.2)
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with 〈P 〉 = 0, so that the minimal length corresponding to it can be computed as ∆X0 ∼ ~
√
β.
The time-dependent free particle Schro¨dinger equation corresponding to the given representation is
given by
i~∂tΨ =
p2
2m
Ψ+
β
m
p4Ψ, (2.3)
which in the position representation takes the form
i∂tΨ+
~
2m
∂2xΨ−
~
3β
m
∂4xΨ = 0. (2.4)
Note that this equation (2.4) holds true in a one-dimensional planar optical waveguide with p being
the transverse momentum (p = −i~∂x) in the position representation [5, 6]. Seemingly, Eq. (2.4)
also holds in an optical fiber for which p = −i~∂t is the time evolution operator. However, in this
case one needs to neglect the third order dispersion as discussed in detail in [6]. Nevertheless, in
order to obtain an equivalent equation for optical system, we write the Helmholtz equation
∇2E + k20E = 0, (2.5)
where k0 is the wave-vector, such that |k0| = 2pi/λ and λ is the wavelength, and E is the electric
field. The ∇ operator represents the Laplacian (∂z, ∂x). The solutions of Eq. (2.5) are forward and
backward propagating waves with wave-number
kz = ±
√
k20 − k2x. (2.6)
Retaining only the forward propagating wave (kz > 0), the forward projected Helmholtz equation
(FPHE) reads as
i∂zE +
√
∇2 + k20E = 0. (2.7)
Here, we have neglected the vectorial effects which are not present in the vacuum propagation [42–44]
but may include the presence of evanescent waves, which however we exclude by assuming |kx| < k0.
Expanding kz for small kx up to the second order, we obtain the unidimensional normalized higher-
order propagation equation [6]
i∂zψ +
1
2
∂2xψ −
ε
8
∂4xψ = 0. (2.8)
Here, ψ is the envelop wave-function proportional to the electric field, z is the propagation direction,
x represents either the spatial or temporal variable and ε is a dimensionless parameter. This equation
and the Generalized Schro¨dinger’s equation are linked by the mapping (x, t)↔ (x, z) and ~↔ 1/k0.
We can also observe that the z variable has an associated energy variable as its Fourier conjugate.
In the spatial case ε = 1/k0Zd, with Zd being the diffraction length. Whereas, in the temporal case
ε = −β4/(3β2T 20 ), with T0 being the initial temporal pulse duration and β2, β4 being the second
and fourth order dispersion coefficients, respectively. It is clear that the differential operator of
equations (2.4) and (2.8) are not bounded from below. As we shall see in the next section, this can
be linked to the existence of inherited minimal length in the system. It should be noted that the light
propagation equation (2.8) has the same form as the GUP deformed Schro¨dinger equation (2.3),
apart from a difference in parameter. This mathematical analogy allows to apply techniques coming
from quantum gravity theories to analyze non-paraxial and ultrafast regimes for optical propagation
and to associate the minimal measurable length scale with the optical resolution. Indeed, it has
been proved recently [6] that the generalized Schro¨dinger equation is a novel tool for describing
short pulses and ultra-focused beams, which predict the existence of a minimal spatial or temporal
scale. Besides, different schemes have been developed on the use of such a mathematical approach
to optics; such as, in the analysis of wave propagation in random or gradient-index media [45,46].
3
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3 Path Integral
Path integral method is a powerful mathematical to obtain the propagator of a system, and has been
used in various physical systems, especially in quantum field theory and statistical mechanics [36].
A recent study demonstrated that this approach can be applied to find the kernel of several GUP
deformed non-relativistic systems, particularly, the free particle [37]. Our intent here is to obtain
the path integral kernel in order to reveal that the presence of GUP causes various effects on non-
paraxial and higher order optics. It is worth noting that even though the equation governing our
optical system has the same form as that of quantum gravity, the physical meaning of the path
integral is different from that of the GUP deformed Schro¨dinger equation. In the GUP deformed
Schro¨dinger equation, the Feynman integral represents the sum of all paths for a classical particle
on a deformed background geometry. Whereas, in the optical system the path integral represents
the sum over all optical trajectories for a non-paraxial beam in the spatial case (or, for a pulse in
the temporal domain) [46]. All the optical ray paths contribute to the propagator. However, only
the one which adds coherently contributes to the final field. The difference between the optical and
the quantum path integrals is the unit of the phase term, which in the optical case is measured in
units of k−10 , instead of ~ as in quantum mechanics. We also consider the effective time t = z/c for
the beam, in order to make the similarities between GUP-deformed quantum mechanics and the
non-paraxial optics more prominent.
Let us consider a trajectory for a optical pulse going from x′ to x′′ in a short effective time
interval ∆t, such that In the spatial case, we can write the kernel for the optical system as
K(x′′, t′+∆t;x′, t′) =
∫
eikx(x
′′−x′)e
−i
(
k
2
x∆t
2
+ ε∆t
8
k4x
)
dkx
2pi
, (3.1)
which when expanded in ∆t, we find
K(x′′, t′ +∆t;x′, t′) = δ(x′′ − x′)− i∆t
[
−1
2
∂2
∂x′′2
δ(x′′ − x′) + ε
8
∂4
∂x′′4
δ(x′′ − x′)
]
. (3.2)
We observe that in the limit of ε → 0 we obtain the kernel of the standard path integral [47].
However, we can rewrite Eq. (3.1) as
K(x′′, t′ +∆t;x′, t′) =
∫
e
i
∫
t
′+∆t
t′
(
kxx˙− k
2
x
2
− ε
8
k4x
)
dt dkx
2pi
, (3.3)
so that after a straightforward calculations we arrive at [37]
K(x′′, t′ +∆t;x′, t′) =
1√
2pii∆t
[
1 +
3εi
8∆t
− 3ε(x
′′ − x′)2
4∆t2
− iε(x
′′ − x′)4
8∆t3
]
e
i(x′′−x′)2
2∆t . (3.4)
Furthermore, for a finite interval (t′′ − t′ = N∆t) we have [37]
K(x′′, t′′;x′, t′) =
1√
2pii(t′′ − t′)e
i(x′′−x′)2
2(t′′−t′)
[
1 +
3εi
8(t′′ − t′) −
3ε(x′′ − x′)2
4(t′′ − t′)2 −
iε(x′′ − x′)4
8(t′′ − t′)3
]
. (3.5)
This Kernel satisfies the equation (2.8) describing the higher order propagation equation for ultra-
short pulses and ultra-focused beams. The solution to this higher order propagation equation can
be written as [10]
ψ(x, z) = Aeikx(1−εk
2
x/8)x−iEz +Be−ikx(1−εk
2
x/8)x−iEz + Ce
2x√
ε
−iEz
+De
− 2x√
ε
−iEz
, (3.6)
which consists of a new exponential terms which are vanished in the limit ε → 0. We also observe
that the solution consists of a superposition between incoming and outgoing pulses, in terms dis-
persion direction x. Such that for an incoming wave, we have A = C = 0, and for the outgoing one,
4
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we have B = D = 0. Furthermore, it is easy to see that the relations between these constants are
A = −C, and B = −D. In quantum field theory, the kernel make the system ψ(x, z) propagated
from (x′, z′) to (x′′, z′′), so that
ψ(x′′, z′′) =
∫
K(x′′, z′′;x′, z′)ψ(x′, z′)dx′. (3.7)
It is worth noting that although this formalism is generally used for quantum particles, however,
since we have am equivalence between optical and quantum system, we can apply this result directly
to the optical systems. In QFT, the probability that a particle arrives at the point x′′ is proportional
to the square modulus of the propagator K, |K(x′′, x′, z′′ − z′)|2. Analogously, |K(x′′, x′, z′′ − z′)|2
gives the intensity of the optical beam at the point x′′
P (x′′)dx = K∗(x′′, z′′, z′′ − z′)K(x′′, z′, z′′ − z′)dx =
(
1− 3ε(x
′′ − x′)2
2(z′′ − z′)2
)
1
2pi(z′′ − z′)dx. (3.8)
Thus, it is obvious that the path integral formalism sheds light on the wave-particle duality of
light. Since, the propagator K is proportional to the field amplitude ψ, |K|2 gives the probability
of having a certain value of the field in a certain point of space. This probabilistic view is a direct
consequence of diffraction of light. Furthermore, as ε > 0, the term 1 − 3ε(x′′−x′)2
2(z′′−z′)2 is smaller than
one. However, since the probabilities have to be positive definite, we obtain a restriction on the
system
1− 3ε(x
′′ − x′)2
2(z′′ − z′)2 ≥ 0, (3.9)
which, in turn, provide the bound on the momentum for the analogous optical system
p ≤ pmax =
√
2
3ε
. (3.10)
The momentum of the pulse is linked to its wavelength by p = 2pi/k0λ and, hence, (3.10) implies a
minimal wavelength of the pulse given by
λmin =
√
6pi2
k30Zd
. (3.11)
The fact that the equations (2.4) and (2.8) are unbounded from below can be interpreted by the
negative probabilities resulting from pulses of wavelength shorter than λmin which are unphysical.
This could also be seen when trying to squeeze the pulse of the beam with root-mean-square (RMS)
smaller than 1/2pmax. This results in an unphysical behavior for the wave-packet as seen in Fig. 3.
These results are in perfect agreement with the theory of diffraction of light and, thus, it reveals
the power of the path integral formalism with respect to the standard Fourier analysis. It may also
allow us to reveal many important features in a much easier way. It is obvious that the presence
of a minimal length scale and, hence, a minimal spatial extension of the beam waist affects the
transverse spectral distribution of the optical modes. This means that the optical beam considered
here can access only a limited spectral band given by Eq. (3.10).
It may be noted that for analyzing any optical (or any system involving electromagnetic radia-
tion), we should have use second quantized quantum electrodynamics. However, from the perspec-
tive of effective field theory, as we are dealing with scales much larger than the scale of an electron,
we can neglect the loop corrections. So, this system can be analyzed as a first quantized theory.
Now a first quantized field theory is mathematically analogous to the wave mechanics of a particle,
and hence we are justified to use the mathematical analog of a wave mechanics to analyze this
system. Thus, we find the mathematically a non-paraxial optical system is analogous to a GUP
deformed quantum mechanical system. We use this analog to justify the use of path integral of a
GUP deformed quantum system as a mathematical tool to analyze a non-paraxial optical system.
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Figure 1: A normalized probability density solution |ψ(z, x)|2 with RMS 1√
2
as a function of the
position along the x-axis and the parameter ε along the y-axis. We observe that if the parameter
ε > 3, we get regions on which the probability density is negative making such configurations (of
RMS and ε) unphysical. Otherwise, there would be a catastrophic production of pulses.
4 Instanton and Berry phase
As we have the path integral for such a optical system, we can study non-trivial effects for such
a system. In fact, we do use this formalism to calculate the effects of instanton and Berry phase
for such an optical system. It may be noted that by doing that we demonstrate that the Gouy
phase (which is known to be a manifestation of a general Berry phase that occurs through a beam
focus when the beam parameters undergo cyclic motion [54,55]), in a non-paraxial system is trivial.
This was not something which was obvious, and this demonstrates a useful application of the path
integral formalism in optics. However, the main motivation to define the path integral would be to
demonstrate that such non-trivial non-perturbative effects can be analyzed using this formalism.
Instantons were first introduced in Yang-Mills theory, which are the classical solutions of equa-
tions of motion in the Euclidean space with nontrivial topology [48,49]. The instanton approach can
be used as a semi-classical non-perturbative approach to find path integrals solutions. Instantons
are saddle point configurations of the path integrals being equivalent to minimizers of the related
Euclidean action [50, 51]. These solutions are usually able to characterize rare events in physical
systems described by path integrals, like, strong vortex tubes in fluid flows, current sheets in plas-
mas, shocks in high Mach number flows [52,53]. The main mathematical tool used to calculate the
instantons is the path integral, and as we have the path integral for non-paraxial optics, we can
calculate the instantons for such a system.
So, now we calculate instantons for a non-paraxial optical system. Therefore, the calculus of
instantons in optical systems corresponds closely to the treatment of instantons in quantum field
theory. The path integral can be written in an alternative form via the Legendre transformation
K(x′′, t′′;x′, t′) =
∫
D[x]eiS/λ¯, (4.1)
6
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where S is the classical action having the form
S =
∫ (
1
2
x˙2 − ε
8
x˙4
)
dt. (4.2)
In order to compute the instanton solution, it is necessary to preform a Wick rotation t→ iτ , which
gives the Euclidean path integral
KE(x
′′, τ ′′;x′, τ ′) =
∫
D[x]eSE , (4.3)
where SE is the Euclidean action of the form
SE = −
∫ (
1
2
x˙2 +
ε
8
x˙4
)
dτ. (4.4)
By varying this action with respect to x, we obtain the instanton equation of motion
d
dτ
[
dx
dτ
+
ε
2
(
dx
dτ
)3]
= 0, (4.5)
The solution to this equation can be written in the form(
dx
dτ
)
= i
√
2
3ε
. (4.6)
It may be noted, that when rotated back to t, we obtain
p =
√
2
3ε
. (4.7)
Interestingly, it matches exactly with the maximum momentum that we have obtained in the pre-
vious section in Eq. (3.10). Nevertheless, the instanton equation of motion can also be written as
follows
x =
1
c
√
2
3ε
z , (4.8)
indicating the condition for extrema in SE. These instanton solutions correspond to the extremal
conditions of propagation of non-paraxial beams and ultrashort pulses, that is the maximal local-
ization conditions previously found.
The Berry phase is a geometric or topological phase acquired by a system after it is cycled
though a closed loop in parameter space. In optics, the Gouy phase or geometrical phase is known
to be a manifestation of a general Berry phase that occurs through a beam focus when the beam
parameters undergo cyclic motion [54, 55]. Here, we compute the geometric phase for the pulse
using the path integral (4.1). Taking a closed loop over the x-space [56,57], we find
xθB(k) =
∮
γ D[x] pˆ0eiS/λ¯∮
γ D[x]eiS/λ¯
= i
∮
γ
ψ†k(x, z)
∂
∂x
ψk(x, z)dx, (4.9)
where ψk(x, z) is the solution to the Schro¨dinger-like equation (2.8) for a particular k. Substituting
the wave function in the above expression, we obtain
xθB(k) = i
∮
γ
dx
[(|A|2 − |B|2) ik(1− εk2
8
)
+
2√
ε
(|C|2 − |D|2)] . (4.10)
In fact, the value of this integral is equivalent to the expected value of the momentum 〈p〉 taken
with periodic boundary conditions, as the coordinate x correspond to the direction of dispersion.
In fact, it is evident that the periodic boundary condition
ψ(x, z) = ψ(2piL + x, z) (4.11)
7
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would imply that the wave function is real, and hence the expected value of the momentum would
vanish. Making the Berry phase trivial for cycles along the x direction. Taking z as the cyclic
variable, the Berry phase can be written as
zθB =
∮
C
dz
(|A|2 + |B|2 + |C|2 + |D|2)E. (4.12)
Thus, we obtain the following result for Berry of this optical system along z direction
zθB = αET, (4.13)
where T is the period of pulse, and α is a dimensionless constant depending on the normalization.
Since, E = n~ω and ω = 2pi/T , the Berry phase for such system, is given by
zθB = 2piα~(n) n = 0, 1, 2, . . . (4.14)
Hence, Berry phase for the direction of propagation of the pulse is also trivial. Implying that the
topology of the Hamiltonian phase space remain trivial even when the such non-paraxial quantum
optical systems. However, it would be interesting to analyze the Berry phase for such systems
with non-linear terms, and use this formalism to obtain the Berry phase for such non-linear optical
systems. The important result in this paper is that a formalism to calculate the Berry phase for
non-paraxial optical systems was provided, and this formalism can now be used to calculate the
Berry phase for other optical systems.
5 Conclusion
In this paper, we have used the mathematical analogy between a quantum gravitational system with
minimal length and a non-paraxial quantum optical system to obtain a path integral for such a non-
paraxial optical system. This is possible because mathematically such an optical system resembles
a deformed Schro¨dinger equation in a quantum gravity, where the deformation has occurred due
to the existence of an intrinsic minimal length in spacetime. It may be noted that the reason
behind this mathematical analogy is the presence of such a minimal measurable length scale in
non-paraxial optical system. In fact, we show that this optical system contains an upper bound for
the momentum which occurs due to the β corrections. We have constructed the path integral using
this mathematical analogy, and verified the consistency properties thoroughly. We have also used
such a path integral to calculate instantons in this optical system. After calculating the instantons
for this optical system, we have also studied the Berry phase of this optical system using this path
integral. Thus, we explicitly calculated the Berry phase along both x and z directions. It may
be noted that the formalism used to obtain to obtain the Berry phase for non-paraxial optical
system can be used to obtain the Berry phase for other optical systems. It would be interesting
to investigate the Berry phase for a non-linear optical system, using this formalism. This analysis
can also be extended in several directions, such as, retaining higher order dispersion. Furthermore,
our results show that quantum mechanics deformed by an intrinsic minimal length in spacetime
is mathematically similar to a non-paraxial optical system. As this minimal length in spacetime
can be motivated from quantum gravity, the paraxial quantum optics can be used as an quantum
gravity analog in optics. It may be noted that various optical analogues quantum gravitational have
been studied [44, 58–60]. It would be interesting to use the path integral obtained in this paper,
to analyze such systems. In fact, it would be interesting to investigate the Berry phase for such
systems, using the formalism developed in this paper.
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